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Let K be a field of characteristic p, let G be a finite p-solvable group with 
a p-Sylow subgroup P of order pr (r > 2), let J(KG) be the radical of the 
group algebra KG of G over K and let t(G) be the nilpotency index of 
J(KG). Recently, S. Koshitani [5] has proved the following 
THEOREM A. Assume that p > 5. Then the following are equivalent. 
(1) t(G)=p’+’ +p- 1. 
(2) p’-’ < t(G) <pr. 
(3) P is noncyclic but has a cyclic subgroup of index p. 
And he has presented a question: For p = 3 does Theorem A hold? The 
next theorem together with a supplementary paper [6] to his original proof 
[ 51 shall give an affirmative answer to this question. The aim of this paper is 
to prove this theorem. In the remainder of this paper we assume that K is of 
characteristic 3, namely, p = 3. 
THEOREM. Let p = 3 and let G be a 3-solvable group with a 3-Sylow 
subgroup P = M(3) = (c, x, yl c3 = x3 =y3 = 1, xc = x, ,v’ = xy, xy = x). 
Then t(G) = 9. 
The most important example of groups in theorem is the group Qd(3) 
defined the following way: 
The group M = SL(2, 3) acts naturally on the elementary abelian group 
U = (x, ylx3 = y3 = 1, xy = yx) as a vector space over GF(3). The group 
Qd(3) is defined by a semi-direct product of U by M with respect to this 
action. 
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As was seen in recent papers [4, 9 and lo], the group algebra KH of 
H = Qd(3) often appeared in the study on group algebras. Determination of 
t(H) and the above theorem in general will be useful in our study. 
In Section 1 we shall show that t(H) = 9. In Section 2 we shall prove our 
main theorem by virture of the assertion t(H) = 9. 
1. t(Qd(3)) = 9 
The purpose of this section is to prove the following 
PROPOSITION. t(H) = 9 where H = Qd(3) and p = 3. 
To prove this proposition we shall need some notations and lemmas. We 
set a = (y i), b= (i z) and c= (: y) in M=SL(2,3). Then a4 = 1, b* =u*, 
b” (=a-‘bu) = b-‘, c3 = 1, uc =u3b, b’=u, xa=y2, y” =x, xb =xy*, 
yb = x*y*, xc =x, y’ = xy and Q = (a, b) is a normal 2-subgroup of M. 
Moreover we set S=(c), uob=u+b-ub,f=u’-1, z=c(l+uob)f, 
T={f,r,r*}, zi=l+u+u* for uEUandk=C,,,hforasubsetEin 
KH. Further we put A = J(KS) QKH, B = J(KT) KH and C = J(KU) KH 
where KT is a group algebra of a group T over K (see Lemma l(4)). We 
have the following 
LEMMA 1. (1) f is a central idempotent in KM. 
(2) utf= -f and fuf = -f (u + u’) =fuZffor all u E U. 
(3) r is a central in KM. In particular, c commutes with (a 0 b)f 
(4) ((a o b)f)*=O. Hence r2 =c*(l -a o b)f and r3 =f which 
means T is u cyclic group of order 3 consisting of K-linearly independent 
elements. 
(5) (f-z)u(f-7)=-(f-7)~(f-~)+~forulluEU. 
(6) $uQ=(U-l)&foralluEU-1. 
(7) f(aob)x&=f(y2-y)&andQx(aob)f=$(y-y*),-?. 
(8) (f - r) ufi E C3fi and &h(f - z) E Zi?C3 for all u E U. 
(9) %&l - c) E C’fi and (1 - c) Q&E A?C3 for all u E U. 
(10) TkA=iGuT= 0 for all u E U. 
(11) Tu(f-5)&l -c)=(l -c)&u(f--)uT=Ofor all u,uE U. 
Proof: (I), (2), (4) and (5) can be proved by direct verification. (10) 
follows easily from (9). 
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(3) We can see from (1) and (2) that 
7a = ~“(1 + a + b” - ab”)f 
= cb(1 + a + b3 - ab3)f= 7. 
Similarly we have gb = 7 and tC = 7. 
(6) Since Q is (transitive and) regular on U - 1, we have 
(7) (2) implies that 
f(a o b) x8 = -f(xa + xb - xab) 0 
=(l -u2)(yZ+xy2-xy)Q 
= (y’ + xy* - xy -y - x2y + x’y’) & 
= qy* -y) &. 
Similarly, we have $x(u 0 b)f= &( y - y”) 2. 
(8) It follows from (l), (3) and (7) that 
(f- 7) x$f = (f( 1 - c) - (a 0 b)fc) xfi 
= (fx( 1 - c) - (a 0 b)jkc) ti 
= +(a o 6) x&l = $(a 0 b) x& 
=qy-y2)lG. 
Similarly we have &x(f- 7) = k(y2 - y) 2. Since Q is transitive on U- 1, 
the assertion follows. 
(9) It follows from (l), (3) and (7) that 
fx& 1 - c) =f(c? + (a o b)(c - c”))( 1 - c) XQ 
=f(u 0 b) x& = Z( y2 - y) A?. 
Similarly we have (1 - c) $xF= fi(y - y”) 2 Since Q is transitive on 
U- 1, the assertion follows. 
(11) The proof of (9) together with (7) and (10) yield that 
Fy(f- 7) x$( 1 - c) 
= fy(f( 1 - c) - (a o b)fc) x&( 1 - c) 
= fyfx&- fy -f(u o b) x& . (c - c’) 
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= fjqx’ - x) A - fjLf( y* - y) Q(c - c’) 
= F(‘(y + xy + x’y) Q(c’ - c) 
= {@x&l - c>>a) + @x$(1 - C))03C + (Tx&(l - c))~3c’}(-c) 
=(j+~+x~)(x*-x)fGf=0. 
Similarly we have Tx(f- t) x$( 1 - c) = (1 - c) Qxdf- r) yf = (1 - c) . 
Qx(f- z)xT = 0. Since Q is transitive on U - 1 and M/(a*) = P&5(2,3) is 
24ransitive on a projective space {{x, x2), { y, y’}, {xy, x*~*}, (x’y, xy’}}, we 
obtain the assertion. 
LEMMA 2. J(KM)=J(KT)KM+J(KS)~ andJ(KH)=A +B + C. 
ProoJ Clearly J(KM) contains both J(KT)KM and J(KS)e since KT is 
central in KM (see Lemma l(l), (3)) and J(KS) Q is a nilpotent ideal of 
KM. Since { 1, 2,3} is the set of degrees of all irreducible F-representations 
of A4 where F is a splitting field of A4 which is a finite-dimensional separable 
extension field of K, the radical J(KM) is of K-dimension 10. We can easily 
see that {f- tk, (f- r”) a, (f- r”) b, (f- 5”) ab, (1 - c”) Q : k = 1,2} is a 
set of K-linearly independent elements in J(KT) KM + J(KS) 6. Hence we 
have the first assertion. Since J(KH) contains the kernel of the natural 
homomorphism of KH + K(H/U) = KM, we obtain J(KH)=A +B + C. 
The next is a key lemma for our paper. 
LEMMA 3. (i) C4= ~KMund C5 =O. 
(ii) A2=i'?KUandA3=0. 
(iii) B* G FKH+ (f-t)C*(f-5)KH. 
(iv) B3 C fC'(f-t)KH+(f-r)C*?KH+ PC". 
(v) B5 =O. 
(vi) BA*B = 0. 
(vii) B3A =AB3 = 0. 
(viii) B*AB* = 0. 
Proof. (i) is almost trivial. 
(ii) Lemma l(6) implies that 
A*=.J(K~)QKHJ(K~)QKH=J(K~)QK~Q~KS)KH 
=.~(Ks)(K~+K)QJ(K~)KHGJ(K~)~ QKH 
=MKUGA* 
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and 
A 3 = @K@J(KS) KH = s(Kir + K) @(KS) KH 
G &(Ks) KH = 0. 
(iii) Since f - r is central in KM (see Lemma l(l), (3)), it follows 
from Lemma l(5) that 
B2 = J(KT) KHJ(KT) KH c (f - 7) KU(j- 7) KH 
c FKH + (f- 7) C’(f- 7) KH. 
(iv) Lemma l(5) together with (i) and (iii) yield 
B3 G fKU(f - t) KH + (f - r) C’(f - 7) KU(j-- T) KH 
G fC2(f - 7) KH + (f - 7) C2i?KH + ik”. 
(v) We can see from (i), (iii), (iv) and Lemma l(5) that B5 = B2B3 
c FKU?t’(f-7)KH + rKU(f- 7)C2fKH + fK&C4 + (f-7). 
c2(f - 7) ~ufc~ + (f - 7) CTKH + c6 G W4(f - 7) KH + W?KH + 
c6 + P+o+o=o. 
(vi) It follows from (ii) and Lemma l(8) that 
BA’B c_ (f - 7) KUtiKU(f - 7) KH 
c c (f-z)u&(f-7)KH 
U,VEU 
c x C”tiv(f- 7) KH c C6 = 0. 
UEU 
(vii) It follows from (iv) and Lemma l(9), (11) that 
AB3 E J(KS) QKU&’ + J(KS) oKU(f - 7) KUFKH + J(KS) OK&C4 
E z KH(1 -c) tju%’ $ x KH(I -c) &(f- 7) vpKH 
UEU u,ueu 
+ 1 KH&l - u) PC” 
UEU 
c c3c2 + 0 + c5 = 0. 
Similarly we have B3A = 0. 
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(viii) It follows from (iii) and Lemma l(9), (10) that 
B2ABZ s (C’ + PKH) J(KS) &KH((f- 7) C2 + fKH) 
E c C*J(KS) Q(1 - u)fC’ + c ~n’u&(l - c) KHC’ 
UEU UEU 
+ \I’ c2(1 -c) QUFKH + C ‘ii’~u(i -c) &&KH 
UT-” ueu 
G C5 + Cs + Cs + fKUtiC3 = 0. 
We are at last in a position to attain our important objective which is to 
prove the proposition. 
Proof of Proposition. By virture of the preceding lemma we can 
easily see that (A + B)’ g KHA3 + KHAB’ + KHB3A + B*AB* + B5 + 
KHBA’B = 0. Since C5 = 0, we conclude from Lemma 2 that J(KH)9 = 
((A + B) + C)’ = 0. The proof of the proposition may now be completed by 
[9, Proposition 161. 
2. THE MAIN THEOREM 
The aim of this section is to show the main theorem. In order to prove this 
theorem, we may assume, in the usual way, that K is algebraically closed. 
We shall need the next notation and lemma for this theorem. We denote by 
8, = H2(Hs, K*) the Schur multiplier, namely, 2nd cohomology group of a 
group H, where H, acts trivially on the multiplicative group K* of K. 
LEMMA 4. $j, = 1 for every subgroup H, of H = Qd(3). 
Proof Since 4j, has finite order not divisible by 3 and the order of every 
element in $j, is a factor (of IH,I) of 2’3j = lHI (see [ 1, Theorem 53.3, 
p. 359]), it is easily seen that fi, is a 2-group. Thus 8, is isomorphic to a 
subgroup of H*(Q,, K*) where Q, is a 2-Sylow subgroup of 8, (see [3, Satz 
16.21, p. 1181). Since every 2-subgroup of H is a quaternion group or a 
cyclic group, it follows from [3, Satz 25.3, p. 643 1 and 112, Proposition 3.21 
that H’(Q,, K*) = 1. Hence !+j, = 1 completing the proof. 
We are now ready to establish the main theorem. 
THEOREM. Let p = 3 and let G be a 3-solvable group with a 3-Sylow 
subgroup P=M(3)=(x,y,cIx3=y3=c3=l, xc=x, y’=xy, xy=x). 
Then t(G) = 9. 
Proof. Assume false and let G be a minimal counterexample to the 
theorem. We set W = O,,(G), G, = G/W, U, = O,(G,), P, = PW/W N P and 
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G, = G/U,. Let g, and g, be the residue classes of an element g of G in G, 
and G,, respectively. 
First, we remark that G, is contained in Aut(U,) (see [2;Theorem 3.2. 
p. 2281). If 1 U, 1 = 3, then 1 G,I < 1 Aut(U,)I = 2 and so U, = P, contrary to 
the fact jP,I=33. If IU,l=33, then U,=P, and so G is of 3-length 1. It 
follows from Morita’s theorem [7, Theorem 2; 8, Corollary 2(b) or 
Theorem 5; and 1 I] that t(G) = t(P) = 9, contrary to our choice of G. Thus 
we may assume that U, is elementary abelian of order 32 and G, is a 
subgroup of Aut(U,) = GL(2,3). 
Since U, contains x, by [2, Theorem 3.3, p. 2281 and so U, = (x,, cfy:) 
(2 > k, I> 0), we can replace generators of P, and U, preserving the same 
relations as in x,, y, and c,. Thus we may assume U, = (xl,y,). 
Let X be the inverse image of SL(2,3)n G, by the natural 
homomorphism G + G,. Then (G :x) < 2 and so t(G) = t(X) (see [ 1 1 ]), 
which implies G =X and hence G, E SL(2,3). 
Let V be a 2-Sylow subgroup of G, which is clearly contained in 
Q = (a, b) (see Section 1) since Q is normal in SL(2, 3). If ) YJ < 2, then G, 
has a normal 3-Sylow subgroup P, , contrary to the fact I U, I = 3’. If I VI > 4, 
then we can easily see that (V, c2) contains a 2-Sylow subgroup Q of 
SL(2,3) since c, = (1 t) and V E Q = (a, b). Hence we have G, = SL(2,3). 
Let Q, be a 2-Sylow subgroup of G, such that U,Q, = O,,,,(G,). Since 
(c,) n U, = 1 and Q, n U, = 1, it follows from [3, Aufgaben 63, p. 1241 
that G, is a semi-direct product of U, by SL(2, 3). Noting that SL(2, 3) 
(cAut(U,)) acts naturally on U,, we conclude that G, = Qd(3). 
Let {e,} be the set of all centrally primitive idempotents of K W. We set 
L, = {x E G ( e: = e,}. Assume that Wf 1. Then Morita’s theorem 17, 
Theorem 21 together with Lemma 4 and [ 111 imply that 9 = t(G/FV) < t(G) = 
Max,(t(L,/W)} < 9, a contradiction. Thus W = 1 and G = Qd(3), contrary 
to the assertion t(Qd(3)) = 9 by Proposition. This completes the proof. 
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